Abstract. By utilizing Jacobian sections introduced by Stoll, we prove a second main theorem of holomorphic curves into projective spaces for hypersurfaces under certain conditions on the jets of the curves. The precise conditions are listed in three equations in the introduction. This solves a weaker form of Griffiths' conjecture and only for a special class of holomorphic curves.
Introduction
We will study a non-constant holomorphic curve
where f 0 , ..., f n are entire functions on C without common zeros. Without loss of generality, we may assume f 0 ≡ 0. Define
For any positive integer k, we obtain a holomorphic curve
1 , ..., g (k) n : C −→ P n .
Let z be the coordinate of C and let f be the derivative of f with respect to z which is a mapping from C to the holomorphic tangent bundle T(P n ) of P n . Let H be the hyperplane section line bundle over the projective space Y t k (r) + O(log + T f (r)) + O(ε log r), (4) where the symbol at the front of an inequality denotes that the inequality holds as r → ∞ outside of a possible exceptional set E with E dr/r < ∞. P. Griffiths ([13] , or cf. [23] ) conjectured that (4) or (6) holds if f is algebraically non-degenerate. By the definition, a mapping f : C −→ P n is algebraically nondegenerate if the image of f is not contained in any proper subvariety of P n . A. Biancofiore [1] proved (6) for a class of holomorphic curves. For holomorphic curves f : C −→ P 2 , Siu [24] proved (6) with n + 1 = 3 by using meromorphic connections. Theorem 1.1 mainly gives a special class of holomorphic curves satisfying (2), (3) and (5) such that (6) holds.
Special cases related to Theorem 1.1 and (6), namely, d = 1, were studied by Bloch [2] , Cartan [4] and Dufresnoy [6] , or see Fujimoto [7] , [8] , Green [9] , [10] , [11] , Kobayashi [20] , Lang [21] , Wong-Wong [35] , Wu [38] , and Wang [34] for an analogue over function fields.
These results may be regarded as special cases of the following general problem: 
In this form the conjecture is due to S. Lang (cf. [21] ). It includes the conjecture of P. Griffiths ([13] and [23] ) as a special case. When N is an Abelian variety, Siu and Yeung (cf. [27] , [28] ) solved Conjecture 1.2 in the affirmative. Generally, Siu (cf. [24] , [25] , [26] , or [22] ) gave some approaches by using meromorphic connections. See Vojta [32] for some new progress.
We note that the Griffiths and Lang conjectures have been translated into a general conjecture in Diophantine approximation by P. Vojta [31] and into a conjecture for holomorphic curves over non-Archimedean fields by Hu and Yang [18] . Theorem 1.1 provides new supportive evidence for these conjectures.
Preliminaries
We briefly recall the concept of a Jacobian bundle of Jacobian sections first introduced and studied by W. Stoll (see [29] and [30] ). Let N be a smooth projective algebraic variety of dimension n. Take a positive integer m with n > m ≥ 1. Let M be a complex manifold of dimension m and consider a holomorphic mapping
Let π : E −→ N be a holomorphic vector bundle over N . The vector space of holomorphic sections of E over N is denoted by Γ(N, E). The pullback bundlẽ π : 
According to Stoll [29] , the bundle
Let F be a Jacobian section and
The section F defines a linear mapping 
and where ψ W and F V W are holomorphic functions. Then on V we have
Given a Jacobian section F ∈ Γ(M, K(f )), then a linear mapping
is uniquely defined as follows: If Ψ ∈ A 2n (U ) is expressed by
Note that a homomorphism
also pulls back to an interior product
* is the dual frame. Equivalently, F ϕ can be described by its action
The section ϕ is said to be effective for f if F ϕ is effective.
Next we assume M = C m with the standard holomorphic coordinates z = (z 1 , ..., z m ). Define the exhaustion function τ :
where
Take r > 0. Define
If h is an integrable function over C m 0; r , we write
and define
for a fixed r 0 > 0 with r > r 0 . Let ν be a multiplicity on C m . For t > 0, the counting function n ν is defined by
where A = supp ν. Here, if m = 1, we define
If ν is non-negative, then n ν increases. The valence function of ν is defined by
Lemma 2.1 ([16], [19]). Define
Z i = f * ∂ ∂z i , i = 1, ..., m.
Then a holomorphic field ϕ on f over C m of degree n − m is such that ϕ is effective for f if and only if
Further, we have (F ϕ = 0) = (Z = 0).
Lemma 2.2 ([16]
, [19] ). Let ϕ be an effective holomorphic field on f over C m of degree n − m. Define a non-negative function g by
where ψ is the associated 2-form of a Hermitian metric on N . Then g ≤ |ϕ|, where | · | is the norm induced by the metric ψ.
Lemma 2.3 ([15], [19]). Let
Then for any ε > 0,
Let L be a line bundle over
is smooth, i.e., D has simple normal crossings, and a positive number λ exists such that Chern classes of L and
Obviously, such λ exist if L is positive. Then there are a volume form Ω on N and a metric κ of L such that
and such that the form
see Carlson-Griffiths [3] , Griffiths-King [14] and Stoll [29] . 
are well defined, up to O(1). 
where Ψ is the Carlson-Griffiths form defined in (14) . Then for any ε > 0,
where μ (F ) is the associated multiplicity of the zero divisor (F = 0) of F over C m (see [29] or [17] ), and where
For an effective Jacobian section F of f , we write
In terms of a local coordinate system w 1 , ..., w n of N we may write
The singular form Ric(Ψ) is smooth outside the divisor D, and hence defines a smooth metric
which has "singularity" on D.
Theorem 2.6 ([19]). If F is an effective Jacobian section of f and if f (C m ) B(L) = N , then there exists a positive constant c such that
holds for any ε > 0, where g is defined by
3. Proof of Theorem 1.1
Now we show that Theorem 1.1 follows from the result: Theorem 3.1. Take
Assume that there exist holomorphic curves f k : C −→ P n with
and homomorphisms
Proof. We will apply Theorem 2.5 to prove Theorem 3.1. To do this, we take
and abbreviate
By assumption, the holomorphic field
is effective for f . We get, via Lemma 2.1, an effective Jacobian section F ϕ of f . According to Theorem 2.5, a non-negative function g is defined by
where ψ = Ric(Ψ). By Lemma 2.2, we have the estimate g ≤ |ϕ|, where |ϕ| is measured by the induced metric from h Ψ . It is easy to show that there exists a constant c > 0 such that (cf. [19] , Lemma 1.55)
we obtain C 0; r; log g ≤ C 0; r; log |ϕ| ≤
Further, Lemma 2.3 implies
Then we obtain
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
and so (18) follows from Theorem 2.5.
To prove Theorem 1.1, we need to estimate the characteristic functions T f k (r) of holomorphic curves (1) 
are entire functions such that f k can be expressed as follows:
Applying a formula due to Stoll (cf. [30] , (6.63), or see [19] , (2.3.20)),
where ν k is the multiplicity of common zeros of f
n , we easily obtain the inequality
Take 0 < α < 1/(2k). We have
Note that for any α with 0 < α < 1 2k , the lemma of logarithmic derivative (cf. [39] or [19] , Lemma 2.47) implies that there is a constant C > 1 such that for any r 0 < r < ρ < R,
where T (R, g j ) is Nevanlinna's characteristic function of g j . It is well known that (cf. [19] , Lemma 2.37)
for any r 0 < r < ρ < R. Hence (cf. [19] , (2.5.10), or [39] )
and so
Thus Theorem 1.1 follows from Theorem 2.5 and (23).
Notes
We define n + 1 holomorphic vector fields Z 0 , Z 1 , ..., Z n over P n as follows. We consider the natural projection
, which induces the holomorphic differential
Then Z 0 , ..., Z n span the holomorphic tangent space at every point of P n . For example, denoting the local coordinates
on the domain U 0 = {ξ 0 = 0} of P n (C), we have
Now the holomorphic curve
Similarly, the associated holomorphic curves
We make further computations on the domain U 0 , and find
and hence
Note that
If we define
then the non-degeneracy condition (3) is just equivalent to
Set f 0 = f . Since every holomorphic vector bundle on C is trivial, we may choose holomorphic trivialization (25) h
and construct the homomorphisms
.., e n be the standard unit vectors of C n . If we can choose e 0 ∈ C n such that for each k = 0, ..., n−1, there exists a holomorphic trivialization (25) satisfying
Thus by using the coordinates on U 0 , we find
Hence For example, take a positive integer d ≥ 4, let P be a non-constant polynomial on C and consider the holomorphic curve
Green [11] used this holomorphic curve to show that f omits the divisor
, but is contained in the hypersurface
It is easy to check that f 1 (C) D. Theorem 1.1 now claims that there is no admissible homomorphism
Finally, we give an application of jet bundles. Let N be a smooth complex projective variety of dimension n, let k be a positive integer, let J k (N ) denote the holomorphic jet bundle of all k-jets of N so that J 1 (N ) is the holomorphic tangent bundle T(N ) of N , let f : C −→ N be a holomorphic curve, and let 
To estimate the terms C 0; r; log |t k (j k (f ))| in (28), we need the lemma of logarithmic derivatives due to P. M. Wong [36] (or see [37] , [5] , [32] , [33] ): The metric ρ k is constructed as follows: Since there exists a finite number of rational functions R 1 , ..., R p on N such that the logarithmic jet differentials
span the fibers of the sheaf J m k (N )(log D) of k-jet differentials of weight m over every point of N (see [37] , the proof of Theorem A1), the metric ρ k is defined by
, ξ ∈ J k (N )(− log D).
Next we use Theorem 4.3 to the divisor D of Theorem 4.2, and further, assume that the holomorphic bundle mappings (26) decrease the metrics ρ k , that is,
for some positive constants λ k and α k . From the choice of R i and the express of Ric(Ψ) (see the proof of Lemma 6.21 in [19] ), it is easy to find a constant c such that
and hence |t k (j k (f ))| ≤ c ρ 1 (t k (j k (f ))), k = 2, ..., n. + O(log + T f (r, L)) + O(ε log r). (33) 
